Alfvén waves discovered by Hannes Alfvén (1942, Nature 150 405) are fundamental electromagnetic oscillations prevalent in magnetically confined plasmas existing in the nature and laboratories. Alfvén waves play important roles in the heating, stability, and transport of magnetized plasmas. The anisotropic nearly incompressible shear Alfvén wave is particularly interesting since, due to inhomogeneities and geometries in realistic plasmas, its wave spectra consist of both the regular discrete and the singular continuous components. In this paper, we will discuss interesting features of the spectral properties of Alfvén waves, spontaneous wave excitations via resonance with supra-thermal particles, and nonlinear physics issues dealing with both wave-particle as well as wave-wave interactions.
Introduction
Hydromagnetic Alfvén waves, discovered by Hannes Alfvén [1] , are fundamental low-frequency electromagnetic oscillations in magnetized plasmas. Alfvén waves are found to be prevalent in nature and laboratory plasmas. For example, Alfvén waves are often found to be excited by supra-thermal (energetic) charged particles, produced by either geomagnetic storms or plasma heating, in space and fusion plasmas. Alfvén waves, manifested as geomagnetic oscillations, are also often observed within the Earth's magnetosphere, due to solar wind perturbations. Since Alfvén waves carry electromagnetic perturbations, charged particles can exchange energy and momentum with the waves; resulting in acceleration, heating, and transports across the confining magnetic field. Alfvén waves, thus, have been proposed as the mechanism for the solar corona heating [2] . Meanwhile, rapid loss of energetic/alpha particles due to Alfvén wave instabilities is a major issue of concern in burning fusion plasmas, such as ITER [3, 4] .
Shear Alfvén Waves in nonuniform plasmas
In uniform plasmas, it is well known that Alfvén waves consist of the compressional and shear Alfvén waves (CAW and SAW). While SAW is anisotropic, with ω k v A , CAW is isotropic, with ω kv A . Here, ω being the wave frequency, k being the wave vector, k ≡ k · b 0 , v A is the Alfvén speed, b 0 ≡ B 0 /B 0 , and B 0 the equilibrium confining magnetic field. Due to its lower frequency and near incompressibility, SAW is generally easier to be excited than CAW. Furthermore, since, for SAW, the wave group velocity is along B 0 , v g v A b 0 ; and energetic/alpha charged particles also move mainly along B 0 with velocities comparable to v A , it is, in general, easier for SAW than CAW to satisfy the wave-particle resonance condition. SAW has, thus, been the focus of extensive research in both space and fusion plasmas; and will also be the focus of the present paper.
In nonuniform plasmas; e.g., tokamaks; radial nonuniformities render SAW frequency radially varying; i.e., ω 2 = k 2 (r)v 2 A (r) ≡ ω 2 A (r) and SAW spectrum becomes a continuum. In terms of initial perturbations, fluctuations such as fluid displacement, δξ, then behave time asymptotically as
That SAW oscillations exhibit a continuous spectrum has been clearly demonstrated by satellite observations [5] . Equation (1) indicates that the corresponding radial wave number
i.e., perturbations become "singular" as t → ∞. This "singular" behavior is, of course, consistent with the existence of SAW resonant absorption at steady state [6, 7] and the physics of linear mode conversion to the kinetic Alfvén wave (KAW) [8] with the following dispersion relation, for
In realistic fusion devices, e.g., axisymmetric tokamak plasmas, there are, in addition to the radial nonuniformities, the poloidal asymmetries. A SAW wave-packet propagating along a given magnetic field line will, thus, experience periodic variations; i.e., a lattice symmetry, which then leads to the appearance of "gaps" in the SAW continuum [9] . Additional equilibrium variations, meanwhile, constitute as "defects" to this lattice [10] and, thereby, introduce discrete localized bound states, known as Alfvén Eigenmodes within the SAW gaps [11] . Thus, in realistic fusion plasmas, SAW consists of both continuous and discrete spectra, which are of fundamental importance to linear as well as nonlinear SAW dynamics.
Kinetic excitations by energetic particles
In fusion devices, the plasma typically consists of a thermal and a supra-thermal or energetic component, produced by external heating or fusion reactions. These energetic charged particles (EP) have dynamics frequencies, typically, in the range of SAW frequency and, thus, render SAE-EP resonance feasible. In addition, EPs have finite density and pressure gradients, which provide the necessary free energy to excite SAW instabilities if there is finite force acting on the resonant EPs. Since SAW frequency is much lower than the cyclotron frequency, the EPs mainly experience gyrophase-averaged force due to finite δE , δB , and
, and δE and δB are perturbed wave fields.
One of the best known example of collective SAW instabilities excited by EPs is the "fishbone" instability observed during the perpendicular beam injection experiments in the PDX toroidal device [12] . Observations provided the following insights: (1) the mode frequency is in resonance with EP precessional frequency in the toroidal direction; leading to secular motion in the major radius direction; and (2) "fishbone" instability is driven by the finite EP pressure gradients. More specifically, since in a toroidal device magnetic field B decreases with the major radius and the magnetic moment µ = v 2 ⊥ /2B is an adiabatic invariant, magnetically trapped EPs whose (bounce) average radial position is shifted outward (inward) loose (gain) energy. With EP pressure peaking at inside, there is, thus, a net loss of EP energy and, thereby, a net gain of electromagnetic field energy or instability. Qualitatively speaking, "fishbone" instability is analogous to the Rayleigh-Taylor instability with resonant EP being the heavier-on-the-top fluid and electromagnetic force being the gravitational force.
Analytically, we note first that, given a SAW instability, its eigenmode structure generally consists of two regions; one regular and one singular associated with the SAW continuum. Asymptotically matching solutions in these two regions then leads to the following "fishbone" dispersion relation [13] [14] [15] [16] [17] [18] [19] iΛ
which takes on a form of generalized energy principle. In Eq. (4), Λ(ω) corresponds to the kinetic energy or inertia; while δŴ f and δŴ k correspond to the potential energy due to thermal plasma and EPs, respectively. In terms of effects, Λ(ω) determines the structure of continuum along with gaps, δŴ f determines the existence of discrete AE; i.e., the strength of "defect", and δŴ k (ω) provides the instabilities mechanisms as well as additional unstable branches via the frequency dependence of δŴ k (ω). In a simple but relevant limit, we have iΛ ∝ iω corresponding to damping due to SAW continuum resonant absorption, δŴ f 0, and
where E = v 2 /2,ω d ∝ E is the precessional frequency of magnetically trapped particles, and
is the EP distribution function. E∂F EP /∂r, thus, corresponds to the instability drive associated with the finite EP pressure gradient, and the (ω d −ω) term corresponds to the wave-particle resonance as well as gives rise to a new unstable branch due to EP at ω ω d (E in j ) with E in j being the beam-injection energy. This new unstable mode has been dubbed as the Energetic Particle Modes (EPM) [17] . We also note that SAW instabilities (geomagnetic pulsations) can be collectively excited by energetic ring-current protons injected into the Earth's inner magnetosphere during periods of geomagnetic storms [20] .
Nonlinear physics
Ultimately, we need to develop the nonlinear physics in order to properly construct the SAW turbulent spectrum and assess the associated heating/acceleration and transports. In terms of EPdriven SAW instabilities, there are two possible nonlinear routes. One corresponds to nonlinear SAW-EP interactions. The other route is via nonlinear wave-wave interactions and the resultant spectral wave energy transfer.
Nonlinear SAW-EP interactions: "bump-on-tail" and "fishbone" paradigms
The nonlinear dynamics of phase-space holes and clumps have been extensively investigated after the pioneering work by Bernstein, Greene and Kruskal (BGK) [21] ; and used for analyzing nonlinear behaviors of 1D uniform Vlasov plasmas [22] [23] [24] . These studies have been extended to take into account sources and collisions and widely adopted by Berk, Breizman and coworkers (cf. the recent review [25] ), proposing the 1D uniform beam-plasma system as paradigm for nonlinear behaviors of AEs near marginal stability [26] . This "bump-on-tail" paradigm offers obvious advantages of adopting a simple 1D system for complex dynamics studies and has been used for interpretation of various experimental evidences of SAW collective instabilities excited by EPs in tokamak plasmas [25] [26] [27] [28] [29] . However, the self-consistent nonlinear interactions between the SAW collective instabilities and EPs, in general, consist of complicated dynamics significantly influenced by nonuniformities and geometries in realistic plasmas; which could naturally be expected when fluctuation induced radial excursions of EP orbits become comparable with the mode radial wavelength, λ ⊥ [30] . The important differences between EP-SAW interactions in nonuniform toroidal plasmas and the beam-plasma system can be described by the nonlinear physics of "fishbone" instability discussed in Sec. 3; i.e., the "fishbone" paradigm.
In this paper, we will focus on the "fishbone" paradigm. Experimental observations and dedicated simulations [31, 32] have suggested the following essential features: (1) as the mode evolves nonlinearly, the mode frequency chirps downward (i.e.,ω < 0); and (2) correspondingly, resonant EPs execute sizable radial excursions resulting in a radially much less peaked distributions. More detailed simulation studies [32] , further, indicate that, asω d ∝Ė < 0, wave-EP resonant interaction is maintained even in the nonlinear stage. That is,ω ω d and one has phase-locking. Wave-EP decoupling in this case occurs only via the finite radial extent of the wave mode structures.
Taking these essential features into consideration, we can then construct a corresponding analytical theory [33, 34] . Within this theoretical framework, the instabilities remain governed by the formally linear "fishbone" dispersion relation, Eq. (4); except F 0EP now evolves nonlinearly in time due to radial redistributions of resonant EPs. More specifically, the time evolution of F 0EP occurs via emission and absorption of toroidally symmetry-breaking perturbations (toroidal mode number n = 1 in the case of "fishbone" mode), and the governing equation is analogous to the well-known Dyson equation [35] . In the simplifying limit of long wave-particle correlation due to phase locking, the governing equation for F 0EP becomes
Here, S EP (t) stands for collisions and EP source, H(r) is an O(1) geometrical constant, and δu n is the radial velocity due to plasma displacement. Equation (6) takes on the form of a wave equation; suggesting the resonant EPs convect outward with the radial speed |δu n | ∝ |δB ⊥n |. As the "fishbone" mode has a finite radial mode width, r s ; it then can be expected that the instability growth will diminish when the resonant EPs leave the mode structure in a time shorter than the characteristic time scale for the wave-EP energy exchange; γ −1 L , with γ L being the linear instability growth rate. The saturation amplitude, therefore, is estimated to be |δu n | sat ∼ r s γ L . Simulation results [36] have indeed observed the predicted scaling with γ L .
Nonlinear wave-wave interactions
One useful perspective on the nonlinear wave-wave interactions among SAWs is analyzing how to break the pure Alfvénic state. This is an unique feature of nonlinear SAW where, under some minimal constraints, dominant nonlinearities vanish and finite-amplitude SAW can self-consistently sustain itself on a long-time scale. In the followings, we will first briefly review the pure Alfvénic state, and discuss how to break it. More specifically, we discuss the effects of finite ion compressibility and the SAW parametric decay process. We then demonstrate the importance of geometries by examining the nonlinear excitation of zonal structures by Toroidal Alfvén Eigenmodes (TAE).
Let us consider an infinite uniform plasma, using the one-fluid magnetohydrodynamic (MHD) description. The governing equation is then
where m is the mass density, u the fluid velocity, P the pressure tensor, and J is the current density. Expressing quantities in terms of the equilibrium and perturbed components; e.g., m = m0 + δ m , and noting u 0 = 0, J 0 = 0, and ∇ · P 0 = 0, Eq. (7) becomes
We now note that, for SAWs, magnetic compression is generally negligible; i.e., δB δB ⊥ . Furthermore, noting SAW is nearly incompressible and, hence, ∇ · δu 0 or δ m 0 and ∇ · δP 0, Eq. (8) can then be cast into the following form
Here, F (2) p is the nonlinear ponderomotive force, given by
with
and
Mx and Re are, respectively, the Maxwell and Reynolds stresses. If we further adopt the ideal MHD assumption δE = 0, we can then derive, from Eq. (9), the following nonlinear SAW equation
where the nonlinear term ∇ · δJ (2) ⊥ is given by
Equation (14) indicates that, for perturbations satisfying the following Walén relation [37] ,
Re + Mx = 0 and ∇ · δJ (2) ⊥ = 0. Equation (15) , meanwhile, corresponds to
That is, a SAW propagating either along or against B 0 satisfies the nonlinear SAW equation, Eq. (13) for any arbitrary amplitude, δψ W . This is the celebrated pure Alfvénic state. In other words, within the present constraints, a large-amplitude SAW, satisfying ω = ±k v A can exist for a long time scale without being broken by nonlinear processes. To break this pure Alfvénic state, one would need to either introduce higher-order nonlinearities and, thereby, examine dynamics at longer time scales [38, 39] or, as adopted in the present work, remove the fundamental constraints employed here; i.e., incompressibility, ideal MHD assumption, and homogeneity/geometry. Since ion sound wave (ISW) compresses plasmas along B 0 , we may break the pure Alfvénic state by considering parametric decays of a pump SAW, Ω 0 = (ω 0 , k 0 ), to a daughter SAW, Ω − = (ω − , k − ), and an ISW, Ω s = (ω s , k s ); where Ω − = Ω s − Ω 0 . This decay process was analyzed first by Sagdeev and Galeev [40] in the macroscopic MHD limit. The result indicates that the decay instability is a backscattering process; i.e., Ω − is propagating counter to Ω 0 along B 0 ; and the dispersion relation is given by
where s and A− are, respectively, the linear dielectric constants of ISW and SAW,
and θ is the angle between k 0⊥ and k −⊥ . Thus, the decay maximizes around θ = 0, π; i.e., when k −⊥ is nearly parallel to k 0⊥ . This, as we will see later, carries important implications to the transport processes.
In the micro/meso scales, electron-ion decoupling is enhanced and SAW transforms into kinetic Alfvén wave (KAW). The corresponding parametric decay process for KAWs was carried out first in the drift-kinetic limit [8] and, recently, in the gyrokinetic limit [41] . The corresponding parametric dispersion relation is then given by
where sK and A−K are, respectively, the linear kinetic dielectric constants of ISW and KAW, and, for |k ⊥ ρ i | < ∼ 1,
Note that Eq. (20) indicates that the KAW decay process maximizes around θ ±π/2; i.e., k 0⊥ ⊥ k −⊥ , and |k ⊥ ρ i | ∼ O(1). Both predictions have recently been observed in numerical simulations [42] .
Equations (18) and (20) indicate that the decay instabilities are quantitatively and qualitatively different in the MHD and kinetic regimes. Specifically, we note that for 1
, typically; we have C K > C I and the nonlinear decays enter into the kinetic regime. More significantly, as noted above, k −⊥ ⊥ k 0⊥ in the kinetic regime, in contrast to k −⊥ k 0⊥ in the MHD regime. Taking, for example, Ω 0 being a radially localized Alfvén eigenmode, such that k 0⊥ k 0rr , the MHD theory would then predict the decay SAW also tends to peak around k −⊥ k −⊥r and, hence, produces little transport. On the contrary, the kinetic theory would predict k −⊥ k −⊥θ and, hence, significant transports.
Finally, in order to examine how geometries break the pure Alfvénic state, we shall consider specifically the case of spontaneous excitation of zonal structures by TAE [43] . Zonal structures are coherent micro/meso-scale radially varying corrugations. Typically, they are spontaneously excited via the amplitude modulations of the driving waves or instabilities. As the zonal structures tend to scatter the driving waves or instabilities to the generally stable short radial wavelength regime, they provide a route to nonlinear damping; and, thus, an important self regulatory mechanism of plasma instabilities. Here, we shall adopt the ideal MHD and incompressibility constraints. In this model, as noted earlier, SAW is composed of a continuous and discrete spectra; with TAE being the discrete AE considered here. The zonal structure, meanwhile, is the zero-frequency one [44] . As the SAW continuum with ω 2 k 2 v 2 A satisfies the pure Alfvénic state within the given constraints, there is negligible coupling to the zonal structures. On the other hand, for discrete AEs residing within the SAW continuum gap such as TAE, effects due to Reynolds and Maxwell stresses do not cancel and zonal structures can indeed be spontaneously excited. Furthermore, in this specific case, it is found that, due to kinetic and geometry effects, the zonal currents play more significant role than the often cited zonal flows [44, 45] .
Summary and Discussions
In this paper, we present essential features of linear as well as nonlinear physics of the anisotropic shear Alfvén waves (SAW) in realistic magnetic confined plasmas. We show how nonuniformities and geometries have rendered understanding the underlying physics mechanisms into a rich and interesting subject of investigations.
In the linear physics, we note that SAW spectral features consist of continuous spectra, frequency gaps, and discrete Alfvén eigenmodes (AEs) within the gaps. Collective SAW instabilities; both the AEs and the energetic particle modes (EPM); e.g., the "fishbone" mode, can be readily excited by supra-thermal (energetic) particles via wave-particle resonances by tapping the finite energetic particle pressure gradient.
In the nonlinear physics, we illustrate the nonlinear wave-particle interactions using the "fishbone" paradigm; where the wave-particle resonance is kept over a long-time scale (i.e., phase lock-ing) due to the mode frequency chirping. Wave-EP decoupling then occurs due to the limited spatial extent of the mode. As to nonlinear wave-wave interactions, we first present the pure Alfvénic state and then discuss various effects which can break the Alfvénic state and result in significant nonlinear interactions; such as parametric decays and spontaneous excitations of zonal structures.
Looking back, investigations on the physics of Alfvén waves have clearly been benefitted by the cross fertilization between space and fusion plasma physics research, and this positive and fruitful trend can be expected to continue. Looking ahead, furthermore, with the recent rapid advances in diagnostics in both laboratory devices and satellites as well as in the capabilities of careful large-scale first-principle simulations, one may expect even more significantly novel and deeper understandings in the physics of Alfvén waves; which is both intellectually exciting and practically important to laboratory fusion energy and space physics research.
